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3/2-Body Correlations and Coherence in Bose-Einstein Condensates
Takafumi Kita
Department of Physics, Hokkaido University, Sapporo 060-0810, Japan
We construct a variational wave function for the ground state of weakly interacting bosons that
gives a lower energy than the mean-field Girardeau-Arnowitt (or Hartree-Fock-Bogoliubov) theory.
This improvement is brought about by incorporating the dynamical 3/2-body processes where one
of two colliding non-condensed particles drops into the condensate and vice versa. The processes
are also shown to transform the one-particle excitation spectrum into a bubbling mode with a finite
lifetime even in the long-wavelength limit. These 3/2-body processes, which give rise to dynamical
exchange of particles between the non-condensate reservoir and condensate absent in ideal gases, are
identified as a key mechanism for realizing and sustaining macroscopic coherence in Bose-Einstein
condensates.
I. INTRODUCTION
Among the fundamental problems in the theory of
Bose-Einstein condensation (BEC) are to clarify (i) how
the interaction between particles changes the properties
of the condensate and one-particle excitations from those
of ideal gases,1–5 and (ii) how the macroscopic coher-
ence indispensable for superfluidity emerges. This pa-
per makes a contribution to these issues by constructing
a variational wave function for the ground state with a
new ingredient, i.e., the 3/2-body processes where a col-
lision of two non-condensed particles throws one of them
into the condensate and vice versa. These are dynami-
cal processes beyond the scope of the mean-field treat-
ment that have not been considered non-perturbatively.
This wave function is given as a superposition in terms
of the number of condensed particles within the fixed-
number formalism, instead of the total number of par-
ticles in a subsystem as discussed by Anderson,6 where
depleted particles serve as the particle reservoir for the
condensate exchanging particles dynamically. Thus, the
superposition, which is indispensable for bringing macro-
scopic coherence to the condensate,6 emerges naturally
due to the interaction and is also maintained dynami-
cally. The 3/2-body processes are also shown to trans-
form the free-particle spectrum of non-condensed parti-
cles in ideal gases into that of a bubbling mode with an
intrinsic decay rate, as expected naturally in the pres-
ence of the dynamical exchange of particles between the
non-condensate reservoir and condensate.
In 1959, Girardeau and Arnowitt7 constructed a vari-
ational wave function for the ground state of homoge-
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FIG. 1: Classification of collision processes in homogeneous
Bose-Einstein condensates according to the number of non-
condensed particles involved. A broken (full) line denotes the
condensate (a non-condensed particle), and a square repre-
sents the symmetrized interaction vertex.8
neous weakly interacting bosons so that it is the vacuum
of Bogoliubov’s quasiparticle operators.9 They used it
to evaluate the ground-state energy incorporating two-
body interactions of non-condensed particles, i.e., pro-
cess (d) in Fig. 1, in addition to processes (a) and (b)
of the Bogoliubov theory.9 However, this apparent im-
provement brought about an unphysical energy gap in
the one-particle excitation spectrum,7,10 unlike the Bo-
goliubov spectrum with a gapless linear dispersion and
an infinite lifetime in the long-wavelength limit,9 which
is in contradiction to the Hugenholtz-Pines theorem11
or Goldstone’s theorem I.12–14 This fact suggests that
something crucial may be missing from the Girardeau-
Arnowitt wave function, which still remains unidentified
explicitly.
The key observation here is that process (c) in Fig. 1,
which involves a smaller number of non-condensed par-
ticles than (d), makes no contribution to the energy in
the Girardeau-Arnowitt theory.7 Hence, improving the
variational state so as to make process (c) active is ex-
pected to lower the energy further and approximate the
true ground state more closely. Such a state will be con-
structed below.
It is also interesting to see how process (c) affects prop-
erties of one-particle excitations. We investigate this us-
ing the moment method developed previously.15 Widely
accepted results on the excitations may be summarized
as follows: (i) a finite repulsive interaction between par-
ticles turns the free one-particle spectrum ∝ k2 of ideal
gases into the Bogoliubov spectrum ∝ k with a lifetime
τ ∝ k−5 that tends to infinity as the wavenumber k ap-
proaches 0;9,16–24 (ii) the Bogoliubov mode is also identi-
cal to the density-fluctuation mode (phonons) in the two-
particle channel;17–23 (iii) the Bogoliubov mode is the
Nambu-Goldstone mode of broken U(1) symmetry.23–25
On the other hand, an alternative picture has been pre-
sented recently based on a self-consistent perturbation
expansion satisfying Goldstone’s theorem I and conser-
vation laws simultaneously:26–28 (i′) the excitation in the
one-particle channel is a bubbling mode with a finite life-
time τ <∞ even for k→ 0;15,29,30 (ii′) excitations in the
one- and two-particle channels are different from each
other;15,27,29 (iii′) the distinct modes in the two chan-
nels correspond to two different proofs of Goldstone’s
2theorem,13,14 the contents of which are not equivalent
and should be distinguished as I and II. Indeed, it has
been shown28,29 that the first proof using the invariance
of the effective action under a linear transformation13,14
is relevant to the poles of the one-particle Green’s func-
tion in the context of BEC, whereas the second (and more
familiar) one based on the vacuum expectation of the
commutator of the current and field is concerned with
the poles of the two-particle Green’s function.
Here, it will be shown that including process (c) in Fig.
1 naturally produces the dynamical exchange of parti-
cles between the non-condensate reservoir and conden-
sate, thereby giving rise to an intrinsic decay rate for
non-condensed particles even for k → 0. Thus, the re-
sult here also supports (i′), as does our previous study.15
The finite lifetime of non-condensed particles may be re-
garded as a crucial element for realizing and sustaining
temporal coherence in the condensate.
This paper is organized as follows. Section II con-
structs a variational wave function for the ground state
with the 3/2-body processes, obtains an expression for
the ground-state energy, and derives the equations to de-
termine the energy minimum. Section III presents nu-
merical results for the ground-state energy, one-particle
excitation spectrum, and superposition over the number
of condensed particles obtained using our wave function.
Section IV summarizes the paper. Appendix A outlines
how to obtain an expression for the energy functional
for the Girardeau-Arnowitt wave function. Appendix B
gives a detailed derivation of the energy functional for our
variational wave function with the 3/2-body processes.
Appendix C describes how to calculate the moments of
the one-particle excitation spectrum.
II. FORMULATION
A. System
We consider a system of N identical particles with
mass m and spin 0 in a box of volume V described by
the Hamiltonian8,31
Hˆ ≡
∑
k
εkcˆ
†
kcˆk +
1
2V
∑
kk′q
Uq cˆ
†
k+qcˆ
†
k′−qcˆk′ cˆk. (1)
Here εk ≡ ~2k2/2m is the kinetic energy, (cˆ†k, cˆk) are the
field operators satisfying the Bose commutation relations,
and Uq is the interaction potential. We aim to describe
the ground state of Eq. (1) involving BEC in the k = 0
state. It is convenient for this purpose to classify Hˆ ac-
cording to the number of non-condensed states involved
as
Hˆ = Hˆ0 + Hˆ1 + Hˆ3/2 + Hˆ2. (2)
Each contribution on the right-hand side is given in terms
of the primed sum
∑
k
′ ≡
∑
k
(1 − δk0) as
Hˆ0 ≡ 1
2VU0cˆ
†
0cˆ
†
0cˆ0cˆ0, (3a)
Hˆ1 ≡
∑
k
′
εkcˆ
†
kcˆk +
1
V
∑
k
′
(U0 + Uk) cˆ
†
0cˆ0cˆ
†
kcˆk
+
1
2V
∑
k
′
Uk
(
cˆ†0cˆ
†
0cˆkcˆ−k + cˆ
†
−kcˆ
†
kcˆ0cˆ0
)
, (3b)
Hˆ3/2 ≡ 1V
∑
k1k2
′
Uk1
(
cˆ†0cˆ
†
k1+k2
cˆk2 cˆk1 + cˆ
†
k1
cˆ†k2 cˆk1+k2 cˆ0
)
,
(3c)
Hˆ2 ≡ 1
2V
∑
kk′q
′
Uq cˆ
†
k+qcˆ
†
k′−qcˆk′ cˆk. (3d)
The interactions in Eqs. (3a)-(3d) are expressible dia-
grammatically as (a)-(d) in Fig. 1, respectively, by sym-
metrizing the interaction potential as Uk1 → (Uk1 +
Uk2)/2 in Eq. (3c) and Uq → (Uq + U|k+q−k′|)/2 in Eq.
(3d).
B. Number-conserving operators
Following Girardeau and Arnowitt,7,32 we introduce
the number-conserving creation-annihilation operators as
follows. First, orthonormal basis functions for the one-
particle state k = 0 are given by
|n〉0 ≡ (cˆ
†
0)
n
√
n!
|0〉 (n = 0, 1, 2, · · · ,N ), (4)
where |0〉 is the vacuum defined by (i) 〈0|0〉 = 1 and (ii)
cˆk|0〉 = 0 for any k.31 The ground state without inter-
action is |N 〉0. Second, we introduce operators (βˆ†0, βˆ0)
by7,32
βˆ†0|n〉0 ≡ |n+ 1〉0, βˆ0|n〉0 ≡
{ |n− 1〉0 : n ≥ 1
0 : n = 0
.
(5)
These operators are also expressible in terms of (cˆ†0, cˆ0)
as βˆ†0 = cˆ
†
0(1+ cˆ
†
0cˆ0)
−1/2 and βˆ0 = (1+ cˆ
†
0cˆ0)
−1/2cˆ0.
32 We
then define the number-conserving creation-annihilation
operators for k 6= 0 by
ˆ˜c†k ≡ cˆ†kβˆ0, ˆ˜ck ≡ cˆkβˆ†0. (6)
Operator ˆ˜c†k has the physical meaning of exciting a par-
ticle from the condensate to the state k 6= 0.
It follows from Eq. (5) that
βˆν0(βˆ
†
0)
ν |n〉0 = |n〉0, (βˆ†0)ν βˆν0 |n〉0 =
{ |n〉0 : ν ≤ n
0 : ν > n
(7)
3holds for ν = 1, 2, · · · ; thus, βˆν0(βˆ†0)ν = 1 and (βˆ†0)ν βˆν0≈1.
For ν ≪ N , the latter approximation becomes practi-
cally exact in the weak-coupling region where the ground
state is composed of the kets |n〉0 with n = O(N ). This
fact also implies that the operators in Eq. (6) satisfy the
commutation relations of bosons almost exactly in the
weak-coupling region as[
ˆ˜ck, ˆ˜c
†
k′
] ≈ δkk′ , [ˆ˜ck, ˆ˜ck′] = 0, (8)
where [Aˆ, Bˆ] ≡ AˆBˆ − BˆAˆ. Hereafter we replace “≈” in
Eq. (8) by “=”.
C. Girardeau-Arnowitt wave function
Next, we introduce the Girardeau-Arnowitt wave func-
tion in a form different from the original one7 for our
convenience. We define a pair operator πˆ† with non-
condensed states by
πˆ† ≡ 1
2
∑
k
′
φkcˆ
†
kcˆ
†
−k, (9a)
where φk is a variational parameter with φ−k = φk by
definition. Its number-conserving correspondent ˆ˜π† is
given by
ˆ˜π† ≡ πˆ†βˆ20 =
1
2
∑
k
′
φk ˆ˜c
†
k
ˆ˜c†−k, (9b)
satisfying [
ˆ˜ck, ˆ˜π
†
]
= φk ˆ˜c
†
−k. (10)
Using them, we can express the Girardeau-Arnowitt wave
function as
|ΦGA〉 ≡AGA exp
(
ˆ˜π†
)
|N 〉0
=AGA
[N/2]∑
ν=0
(πˆ†)ν
ν!
|N − 2ν〉0, (11)
where [N/2] denotes the largest integer that does not
exceed N/2, and AGA is the normalization constant de-
termined by 〈ΦGA|ΦGA〉 = 1.
The ket of Eq. (11) is characterized by
ˆ˜γk|ΦGA〉 = 0 (k 6= 0), (12)
i.e., |ΦGA〉 is the vacuum of the number-conserving quasi-
particle operator
ˆ˜γk ≡ ukˆ˜ck − vk ˆ˜c†−k, (13)
where uk and vk are defined by
uk ≡ 1
(1 − |φk|2)1/2 , vk ≡
φk
(1− |φk|2)1/2 , (14)
satisfying u−k = uk = u
∗
k, v−k = vk, and u
2
k − |vk|2 = 1.
To prove Eq. (12), let us operate ˆ˜ck on Eq. (11) and
transform the resulting expression as
ˆ˜ck|ΦGA〉 =AGA
[
ˆ˜ck, e
ˆ˜π†
]|N 〉0 = AGA[ˆ˜ck, ˆ˜π†]eˆ˜π† |N 〉0
=φk ˆ˜c
†
−k|ΦGA〉,
where we used ˆ˜ck|N 〉0 = 0 and Eq. (10). Multiplying the
equation in terms of |ΦGA〉 by uk, we obtain Eq. (12).
It follows from Eqs. (8) and (14) that Eq. (13) obeys
the Bose commutation relations
[ˆ˜γk, ˆ˜γ
†
k′ ] = δkk′ , [
ˆ˜γk, ˆ˜γk′ ] = 0. (15)
The inverse of Eq. (13) is easily obtained as
ˆ˜ck = uk ˆ˜γk + vk ˆ˜γ
†
−k. (16)
The ket presented by Girardeau and Arnowitt7 is given
by a unitary transformation on |N 〉0 that appears to be
different from Eq. (11). However, their equivalence can
be confirmed by noting that both are (i) normalized and
(ii) characterized as the vacuum of ˆ˜γk.
Evaluation of the ground-state energy using |ΦGA〉 can
be performed straightforwardly as outlined in Appendix
A. Since the relevant expression is reproducible as a limit
of the generalized version given below in Sect. II D, we
do not carry it out here. It may suffice to point out here
that
EGA ≡〈ΦGA|Hˆ |ΦGA〉
= 〈ΦGA|(Hˆ0 + Hˆ1 + Hˆ2)|ΦGA〉, (17)
i.e., 〈ΦGA|Hˆ3/2|ΦGA〉 = 0, among the terms in Eq. (2).
Neglecting the contribution of Hˆ2 in Eq. (17) corre-
sponds to the Bogoliubov theory with a gapless excita-
tion spectrum.8,9 Inclusion of the Hˆ2 contribution, which
is supposed to improve the variational wavefunction, nev-
ertheless gives rises to an unphysical energy gap in the
excitation spectrum7,10 in contradiction to Goldstone’s
theorem I.13,14
D. Including 3/2-body correlations
Now, we improve |ΦGA〉 so that Hˆ3/2 yields a finite
contribution to lower the variational energy further below
EGA. First, we introduce an operator ˆ˜π†3 given by
ˆ˜π†3 ≡
1
3!
∑
k1k2k3
′
wk1k2k3 ˆ˜γ
†
k1
ˆ˜γ†k2
ˆ˜γ†k3 , (18)
where wk1k2k3 is a variational parameter that is symmet-
ric in (k1,k2,k3) by definition. Using Eqs. (11) and (18),
we construct the following wave function:
|Φ〉 ≡A3 exp
(
ˆ˜π†3
)
|ΦGA〉, (19)
4where A3 is determined by 〈Φ|Φ〉 = 1.
The variational ground-state energy
E ≡ 〈Φ|Hˆ |Φ〉 = 〈Φ|(Hˆ0 + Hˆ1 + Hˆ3/2 + Hˆ2)|Φ〉 (20)
can be estimated as follows. First, we insert either
βˆν0(βˆ
†
0)
ν = 1 or (βˆ†0)
ν βˆν0 = 1 with ν = 1, 2 appropriately
into Eqs. (3b)-(3d) to express them in terms of (ˆ˜c†
k
, ˆ˜ck)
as
Hˆ1 ≡
∑
k
′
εk ˆ˜c
†
k
ˆ˜ck +
1
V
∑
k
′
(U0 + Uk) cˆ
†
0cˆ0 ˆ˜c
†
k
ˆ˜ck
+
1
2V
∑
k
′
Uk
(
cˆ†0cˆ
†
0βˆ0βˆ0ˆ˜ckˆ˜c−k + ˆ˜c
†
−k
ˆ˜c†kβˆ
†
0βˆ
†
0cˆ0cˆ0
)
,
(21a)
Hˆ3/2 ≡ 1V
∑
k1k2k3
′
δk1+k2+k3,0Uk1
(
cˆ†0βˆ0
ˆ˜c†−k3
ˆ˜ck2 ˆ˜ck1
+ˆ˜c†k1
ˆ˜c†k2
ˆ˜c−k3 βˆ
†
0cˆ0
)
, (21b)
Hˆ2 ≡ 1
2V
∑
kk′q
′
Uq ˆ˜c
†
k+q
ˆ˜c†k′−q
ˆ˜ck′ ˆ˜ck. (21c)
Then, we substitute the approximation
(cˆ†0)
ncˆm0 ≈ N (n+m)/20 (βˆ†0)nβˆm0 (22)
in Eqs. (3a) and (21) with N0 denoting the number of
condensed particles, and use βˆν0(βˆ
†
0)
ν = (βˆ†0)
ν βˆν0 = 1 to
eliminate (βˆ†0, βˆ0) from the Hamiltonian in Eq. (20). The
expectations of the remaining (ˆ˜c†k,
ˆ˜ck) operators can be
calculated by performing the transformation of Eq. (16)
and using Eq. (12), as detailed in Appendix B. Specifi-
cally, we obtain
ρk ≡〈Φ|ˆ˜c†k ˆ˜ck|Φ〉
= |vk|2
(
1 +
1
2
∑
k2k3
′|w−kk2k3 |2
)
+
|uk|2
2
∑
k2k3
′|wkk2k3 |2,
(23a)
Fk ≡〈Φ|ˆ˜ck ˆ˜c−k|Φ〉
= ukvk
(
1 +
1
2
∑
k2k3
′|wkk2k3 |2 +
1
2
∑
k2k3
′|w−kk2k3 |2
)
,
(23b)
Wk1k2;k3 ≡〈Φ|ˆ˜c†−k3 ˆ˜ck2 ˆ˜ck1 |Φ〉
=uk1uk2v
∗
k3
wk1k2k3 + vk1vk2uk3w
∗
−k1−k2−k3 .
(23c)
The density of condensed particles n¯0 ≡ N0/V is express-
ible using the particle density n¯ ≡ N/V and Eq. (23a)
as
n¯0 ≡ n¯− 1V
∑
k
′
ρk. (24)
Moreover, Eq. (20) is rewritten using Eqs. (23) and (24)
as
E = N
2
2V U0 +
∑
k
′
εkρk + n¯0
∑
k
′
Uk
(
ρk +
Fk + F
∗
k
2
)
+
√N0
V
∑
k1k2k3
′
δk1+k2+k3,0Uk1
(
Wk1k2;k3 +W
∗
k1k2;k3
)
+
1
2V
∑
kk′
′
U|k−k′| (ρkρk′ + FkF
∗
k′) , (25)
where the first term results from collecting all the con-
tributions proportional to U0. The Girardeau-Arnowitt
functional of Eq. (17) is reproducible from Eq. (25) as
EGA = E [wk1k2k3 = 0]. (26)
E. Stationarity conditions
To derive the stationarity conditions of Eq. (25), we
assume the symmetries
φ∗k = φk, wk1k2k3 = w
∗
k1k2k3
= w−k1−k2−k3 , (27)
in the variational parameters. Indeed, we will see that
the symmetries are satisfied by the solutions. The condi-
tions δE/δφk = 0 and δE/δwk1k2k3 = 0 for Eq. (25) can
be calculated straightforwardly by performing the differ-
entiations with the chain rule through the dependences
in Eqs. (23) and (24), where
∑
k2k3
′|w−kk2k3 | =
∑
k2k3
′
w2kk2k3
also holds owing to Eq. (27). We thereby find that
δE/δφk = 0 and δE/δwk1k2k3 = 0 yield
2ξkφk +∆k(φ
2
k + 1) + χk = 0, (28)
wk1k2k3 = −
bk1k2k3
ak1k2k3
, (29)
respectively. The quantities ξk ≡ δE/δρk, ∆k ≡ δE/δFk,
and χk originating from the second line in Eq. (25) are
given explicitly by
ξk ≡ εk + n¯0Uk + 1V
∑
k′
′[
(U|k−k′| − Uk′)ρk′ − Uk′Fk′
]
− 1V√N0
∑
k1k2k3
′
δk1+k2+k3,0Uk1Wk1k2;k3 , (30a)
∆k ≡ n¯0Uk + 1V
∑
k′
′
U|k−k′|Fk′ , (30b)
5χk ≡ 2
√N0
1 +
∑
k′
2
k′
3
′|wkk′
2
k′
3
|2
1
V
∑
k2k3
′
δk+k2+k3,0wkk2k3
uk2uk3
uk
×[Uk2(1+φkφk2φk3) + (Uk+Uk2)(φk2+φkφk3)],
(30c)
and ak1k2k3 and bk1k2k3 in Eq. (29) denote
ak1k2k3 ≡
3∑
j=1
[
ξkj (2|vkj |2 + 1) + 2∆kjukjvkj
]
, (30d)
bk1k2k3 ≡ δk1+k2+k3,0
√N0
V uk1uk2uk3
× [(Uk1 + Uk2)(φk3 + φk1φk2)
+ (Uk2 + Uk3)(φk1 + φk2φk3)
+ (Uk3 + Uk1)(φk2 + φk3φk1)
]
. (30e)
By imposing φk → 0 for k → ∞, Eq. (28) can be trans-
formed into
φk =
−ξk +
[
ξ2k −∆k(∆k + χk)
]1/2
∆k
. (31)
Equations (29) and (31) with Eq. (30) form a set of self-
consistent equations that can be used to determine φk
and wk1k2k3 . Equation (29) with Eqs. (30d) and (30e)
indicates that wk1k2k3 = O(N−1/2); thus, it is more con-
venient for numerical calculations to rewrite the whole
expressions above in terms of w˜k1k2k3 ≡ wk1k2k3N 1/2.
This procedure also enables us to confirm that the terms
with wk1k2k3 in Eq. (25) make finite contributions in the
thermodynamic limit.
F. One-particle excitation spectrum
Now, we study one-particle excitations from Eq. (19)
by calculating the first and second moments of the spec-
tral function A(k, ε).15 As shown in Ref. 15, defining
A(k, ε) using (cˆ†k, cˆk) necessarily shifts the excitation
spectrum by the chemical potential µ, as expected nat-
urally whenever adding a particle to the system. To
remove this undesirable shift, we here define the spec-
tral function in terms of the number-conserving operators
(ˆ˜c†k,
ˆ˜ck) instead of (cˆ
†
k, cˆk). The corresponding moments
An(k) ≡
∫ ∞
−∞
A(k, ε)εndε (32)
for n = 0, 1, 2 can also be expressed as15
A0(k) = 〈Φ|ˆ˜ck ˆ˜c†k|Φ〉 = 1 + ρk, (33a)
A1(k) = 〈Φ|[ˆ˜ck, Hˆ ]ˆ˜c†k|Φ〉, (33b)
A2(k) = 〈Φ|[ˆ˜ck, Hˆ ][Hˆ, ˆ˜c†k]|Φ〉, (33c)
where ρk is defined by Eq. (23a). The mean value and
width of the one-particle excitation spectrum are ob-
tained from the moments as15
Ek =
A1(k)
A0(k)
, (34a)
∆Ek =
√
A2(k)
A0(k)
−
[
A1(k)
A0(k)
]2
. (34b)
This Ek in terms of (ˆ˜c
†
k,
ˆ˜ck) represents the true excitation
spectrum without the chemical-potential shift, unlike the
definition with (cˆ†
k
, cˆk). It is shown in Appendix C that
Eq. (34) can be calculated straightforwardly but rather
tediously. We thereby obtain the following expressions
for the mean value and width of the one-particle spec-
trum:
Ek = ξk +
∆kFk
1 + ρk
+
√N0
(1 + ρk)V
∑
k2k3
′
δk+k2+k3,0wkk2k3ukuk2uk3
× [Uk2(φk+φk2φk3) + (Uk+Uk2)(φk3+φkφk2)],
(35a)
∆Ek =
{
(n¯Uk)
2
2u4k
∑
k2k3
′
w2kk2k3 + 2n¯Uk
√N
V
∑
k2k3
′
wkk2k3
× uk2uk3
u3k
[Uk2 + (Uk + Uk2)φk2 ]
+
N
V2
∑
k2k3
′
δk+k2+k3,0
u2k2u
2
k3
u2k
[Uk2(Uk2 + Uk3)
+ 2(Uk + Uk2)(Uk2 + Uk3)φk2 + (Uk + Uk2)
2φ2k2
+(Uk + Uk2)(Uk + Uk3)φk2φk3 ]
}1/2
, (35b)
where we set N0 ≈ N and A0(k) ≈ u2k in Eq. (35b)
as justified in the weak-coupling region noting Eqs.
(23a) and (24). Setting wk1k2k3 = 0 in Eq. (35a) re-
produces the Girardeau-Arnowitt excitation spectrum,7
EGAk = (ξ
2
k−∆2k)1/2, as confirmed by using Eq. (31) with
χk = 0 and Eqs. (14) and (23). Moreover, the Bogoli-
ubov spectrum9 results from EGAk by omitting the sums
over k′ in Eqs. (30a) and (30b). Hence, our main inter-
est in Eq. (35a) is how the presence of wk1k2k3 changes
the one-particle spectrum. On the other hand, the last
term on the right-hand side of Eq. (35b) indicates that
incorporating the 3/2-body processes gives rise to a fi-
nite width ∆Ek > 0 even for the excitations from the
mean-field wave function with wk1k2k3 = 0.
G. Superposition over the number of condensed
particles
Finally, we derive an expression for the squared pro-
jection
∣∣
0
〈N − n|Φ〉∣∣2 defined in terms of Eqs. (4) and
6(19), which enables us to study the superposition over
the number of condensed particles in the wave function
of Eq. (19). For this purpose, we note that ˆ˜π and ˆ˜π3 in
Eqs. (11) and (19) excite two and three particles from
the condensate, respectively. With this observation, we
expand the product A−2GAA−23 of Eqs. (A1d) and (B1) in
a Taylor series and subsequently sort the terms accord-
ing to the number of non-condensed particles. Multiply-
ing the resulting expression by A2GAA23, we obtain the
squared projection for n excitations as
|0〈N − n|Φ〉|2 =A2GAA23
∑
{ℓ2,ℓ4,··· ,ℓ3}
δn,2ℓ2+4ℓ4+···+3ℓ3
×
∞∏
λ=1
Iℓ2λ2λ
ℓ2λ!
Jℓ33
ℓ3!
, (36)
where the summation is performed over all the distinct
sets of {ℓ1, ℓ2, · · · , ℓν}, the quantities I2λ and J3 are de-
fined by
I2λ ≡ 1
2λ
∑
k
′|φk|2λ, J3 ≡ 1
3!
∑
k1k2k3
′|wk1k2k3 |2, (37)
and we have omitted the contribution of J3λ′ for λ
′ ≥ 2
as being negligible in the weak-coupling region. Equation
(36) should obey the sum rule
N∑
n=0
n |0〈N − n|Φ〉|2 =
∑
k
′
ρk, (38)
so as to be compatible with Eq. (24). Equation (38)
can be used to check numerical results obtained with Eq.
(36).
III. NUMERICAL RESULTS
A. Model potential and numerical procedures
Numerical calculations were performed for the con-
tact interaction potential Uk = U used widely in the
literature8,33,34 to make a direct comparison possible.
For convenience, we express this U alternatively as
4π~2aU/m, i.e.,
Uk = U =
4π~2aU
m
. (39)
The ultraviolet divergence inherent in the potential8,33,34
is removed by introducing a cutoff wavenumber kc into
every summation over k as∑
k
′ →
∑
k
′
θ(kc − k). (40)
The s-wave scattering length a of this interaction poten-
tial is obtained by35
m
4π~2a
=
1
U
+
∫
d3k
(2π)3
θ(kc − k)
2εk
,
which yields
a =
aU
1 + 2kcaU/π
. (41)
We choose kc so that kcaU ≪ 1 is satisfied, i.e., a ≈ aU
up to the leading order.
The characteristic energy and wavenumber of this sys-
tem are given by
εU ≡ Un¯, kU ≡
√
2mεU
~
=
√
8πaU n¯, (42)
respectively. They are used to transform Eqs. (25) and
(35) into the dimensionless forms E/N εU , E¯k/εU , and
∆Ek/εU so that they are suitable for numerical calcula-
tions. Each sum over k in these quantities yields a factor
of (4/π)kUaU = 8(2a
3
U n¯/π)
1/2, as seen by noting that
U/VεU = 1/N and
1
N
∑
k
′
= 8
(
2a3U n¯
π
)1/2 ∫ k˜c
0
dk˜ k˜2, (43)
where k˜≡k/kU . Hence, Eq. (25) in the weak-coupling re-
gion is given as a series expansion in terms of (a3U n¯)
1/2≪
1. In this context, its fourth term originating from Hˆ3/2
is of the same order as the last one originating from Hˆ2
due to the presence of δk1+k2+k3,0. Hence, process (c)
of Fig. 1 yields as important a contribution as the mean-
field estimation of process (d), meaning that it cannot be
omitted even in the weak-coupling region.
Specifically, the energy per particle is expressible as
E
N =
εU
2
[
1 +
(
128
15
√
π
− 4
√
2√
π
k˜c − 4
√
2√
πk˜c
)
(a3U n¯)
1/2
+ 2c2a
3
U n¯
]
≈ 2π~
2an¯
m
[
1 +
(
128
15
√
π
− 4
√
2√
πk˜c
)
(a3n¯)1/2 + · · ·
]
.
(44)
The coefficient of (a3U n¯)
1/2 in the first expression were
obtained by (i) substituting the result of the Bogoliubov
approximation
φBk = −
εk + εU − EBk
εU
, EBk ≡
√
εk(εk + 2εU) (45)
for Eq. (31) into the second and third terms of Eq. (25)
with n¯0 → n¯, (ii) carrying out the integrations analyti-
cally, and (iii) performing an expansion in 1/k˜c up to the
next-to-the-leading order. On the other hand, we used
Eq. (41) to derive the second expression for Eq. (44) in-
volving a, which for k˜c → ∞ reduces to the Lee-Huang-
Yang expression for the ground-state energy.33,34 Since
Eq. (44) has a fairly strong k˜c dependence, however, we
use the first expression involving aU and focus on the
7coefficient c2 representing corrections beyond the Bogoli-
ubov theory, to which Hˆ3/2 as well as Hˆ2 contributes.
The sums with wk1k2k3∝δk1+k2+k3,0 in Eqs. (25) and
(35) were calculated by using the transformation
1
N
∑
k2k3
′
δk+k2+k3,0f(k, k2, k3)
= 8
(
2a3U n¯
π
)1/2
1
2k˜
∫ k˜c
0
dk˜2k˜2
∫ min(k˜+k˜2,k˜c)
|k˜−k˜2|
dk˜3k˜3
× f(k, k2, k3), (46)
where we chose k along the z direction, expressed k2 =
(k2 sin θ2 cosϕ2, k2 sin θ2 sinϕ2, k2 cos θ2) in the polar co-
ordinates, performed an integration over 0 ≤ ϕ2 ≤ 2π,
and made a change of variables from θ2 to k3 = (k
2 +
k22 + 2kk2 cos θ2)
1/2. Integrals over 0 ≤ k˜ ≤ kc/kU were
calculated numerically by making a change of variables
k˜ = x3 to evaluate the important region k˜ . 1 efficiently
using a small number of integration points, Nint . 100.
We solved Eqs. (29) and (31) with Eq. (30) iteratively
from the initial values φk = φ
B
k and wk1k2k3 = 0 to ob-
tain φk and wk1k2k3 self-consistently, where the condi-
tion |φk| < 1 in Eq. (14) was incorporated by expressing
φk = − cos θk. The resulting solutions were substituted
into Eqs. (25) and (35) to calculate E/N εU , E¯k/εU , and
∆Ek/εU .
Equation (36), which represents the superposition over
the number of condensed particles in our wave function
|Φ〉, was calculated by omitting the contribution of λ >
λc. Choosing λc = 10 for N = 20000, a3U n¯ = 1.0× 10−6,
and kc/kU = 10, we verified that the sum rule of Eq. (38)
was satisfied within 0.2% by including n ≤ 70.
B. Results
We now present our numerical results for kc/kU = 10,
which corresponds to the cutoff energy εc = 100εU . We
varied the key parameter a3U n¯ between 10
−10 and 10−5,
where kcaU ≪ 1 is also satisfied so that a ≈ aU holds in
Eq. (41).
Figure 2 shows the k dependence of the basic functions
φk and χk, Eqs. (31) and (30c), in comparison with φ
GA
k
and φBk of the Girardeau-Arnowitt and Bogoliubov theo-
ries, respectively. We observe that the 3/2-body correla-
tions bring the basic function φk much closer to the pre-
diction φBk of the Bogoliubov theory than φ
GA
k by making
χk finite.
Figure 3 compares the coefficient c2 in Eq. (44) with
those of the Girardeau-Arnowitt theory (φk → φGAk ,
wk1k2k3 = 0) and the Bogoliubov theory (φk → φBk ,
wk1k2k3 = 0) as functions of log10(a
3
U n¯). It shows that
the ground-state energy is 20% less than the estima-
tion by the Girardeau-Arnowitt theory in the next-to-
the-leading-order contribution. Although the reduction
is not large, this fact clearly indicates that the 3/2-body
correlations yield the same order of a contribution as the
−1
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FIG. 2: Plot of φk and χk given by Eqs. (31) and (30c),
respectively, as functions of k for a3U n¯ = 1.0 × 10
−6 and
kc/kU = 10. For comparison, φ
GA
k and φ
B
k obtained by the
Girardeau-Arnowitt and Bogoliubov theories, respectively,
are also shown.
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FIG. 3: Coefficient c2 in Eq. (44) in comparison with c
GA
2
and cB2 of the Girardeau-Arnowitt and Bogoliubov theories,
respectively, as functions of log
10
(a3U n¯) for kc/kU = 10.
mean-field interaction energy, meaning that they should
be incorporated whenever the latter is included. In other
words, the mean-field approximation for BEC is quanti-
tatively not effective even in the weak-coupling region.
Note that, in this context, the reduction of c2 from c
B
2
remains finite even for aU → 0, whereas the difference
between cGA2 and c
B
2 vanishes in the weak-coupling limit.
The 3/2-body correlations also bring a qualitative
change to the one-particle excitation spectrum from the
mean-field description. Figure 4 plots the mean value Ek
and the standard deviation ∆Ek of the one-particle exci-
tation spectrum for a3U n¯ = 1.0×10−6 and kc/kU = 10 cal-
culated by Eqs. (35a) and (35b), respectively. The one-
particle excitation has a finite lifetime τk = ~/∆Ek <∞
even for k → 0, contrary to the predictions of the
Girardeau-Arnowitt and Bogoliubov theories,7,9 due to
the 3/2-body processes of Fig. 1(c). These processes also
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FIG. 4: Plot of the mean valueEk and width ∆Ek of the one-
particle excitation spectrum given by Eqs. (35a) and (35b),
respectively, as functions of the wavenumber k for a3U n¯ =
1.0× 10−6 and kc/kU = 10. The horizontal and vertical axes
are normalized by kU and εU , respectively. For comparison,
the spectra EGAk and E
B
k obtained by the Girardeau-Arnowitt
and Bogoliubov theories, respectively, are also plotted. The
inset shows the four curves over a wider range of 0 ≤ k ≤ 3kU .
have the effect of reducing the mean value Ek, which
roughly represents the peak of the excitation spectrum,
from the Girardeau-Arnowitt spectrum EGAk towards the
Bogoliubov spectrum EBk . The reduction becomes larger
for k → 0, but Ek finally approaches a finite value be-
cause ∆Ek > 0 even for k → 0. The finite width
∆Ek > 0 can be traced to the dynamical exchange of
particles between the non-condensate reservoir and con-
densate; its decrease for k → 0 may be caused by the re-
duction of the available phase space. The inset in Fig. 4
shows the four curves over a wider range of 0 ≤ k ≤ 3kU .
The peak Ek, as well as E
GA
k and E
B
k , approaches εk for
k & kU , but the width ∆Ek remains finite and decreases
slowly for k & kU .
Finally, Fig. 5 shows the squared projection of Eq.
(36) calculated for N = 20000, a3U n¯ = 1.0 × 10−6, and
kc/kU = 10 by using Eq. (36). The superposition over
the number of condensed particles has a peak at n = 24
and becomes negligible for n & 60. The profile with even
integers is close to the one by the Bogoliubov approxi-
mation. On the other hand, there also is an extra con-
tribution from odd integers due to the 3/2-body correla-
tions. It should be emphasized that the superposition is
here realized physically and naturally due to the interac-
tion, contrary to the case of photons with no interactions,
for which Sudarshan36 and Glauber37 introduced the su-
perposition mathematically to describe their coherence.
Thus, the interaction plays a crucial role in establishing
the superposition indispensable for the phase coherence
within fixed-number Bose-Einstein condensates, which is
also maintained here dynamically by the 3/2-body pro-
 0
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FIG. 5: The squared projection |0〈N − n|Φ〉|
2 defined in
terms of Eqs. (4) and (19) as a function of the number of
non-condensed particles n for N = 20000, a3U n¯ = 1.0× 10
−6,
and kc/kU = 10. For comparison, the corresponding quan-
tities obtained with the Bogoliubov and Girardeau-Arnowitt
approximations are also plotted.
cesses.
IV. SUMMARY
We have constructed a variational wave function for
the ground state of weakly interacting bosons given by
Eq. (19). It incorporates the 3/2-body processes of
Fig. 1(c) to give a lower energy than the mean-field
Girardeau-Arnowitt wave function, as shown in Fig. 3.
This wave function is given as a superposition in terms
of the number of condensed particles, as seen in Fig. 5,
where non-condensed particles serve as a particle reser-
voir in the fixed-number formalism. Thus, the interac-
tion naturally brings a superposition indispensable for
coherence6 to the condensate, which is sustained here
temporarily by the dynamical 3/2-body processes. The
corresponding excitation spectrum is characterized by a
finite lifetime even in the long-wavelength limit, as seen in
Fig. 4, which reflects the dynamical exchange of particles
between the non-condensate reservoir and condensate by
the 3/2-body processes. The unphysical energy gap ap-
pearing in the mean-field treatment7 seems removed by
the resulting broadening of the spectrum to give a finite
spectral weight around ε = 0 for k → 0. However, it
is still not clear whether or not Goldstone’s theorem I,
which is given in terms of Green’s function for the non-
condensate, is satisfied by the present treatment. This
issue remains to be clarified in the future by developing
a formalism to describe the one-particle excitations with
the 3/2-body correlations in terms of Green’s function.
It is widely accepted that the equilibrium in thermo-
dynamics is realized and sustained by the exchange of
momenta through collisions of particles. In contrast, lit-
tle attention seems to have been paid to the origin of
9the coherence in Bose-Einstein condensates and super-
conductors. The present paper has clarified the key role
played by the interaction in realizing the superposition
over the number of condensed particles indispensable for
coherence. An observation of the finite lifetime in the
one-particle excitation spectrum, which has been pre-
dicted in the previous15 and present papers, will provide
a definite confirmation that the coherence is maintained
dynamically.
Appendix A: Calculations of A−2
GA
and EGA
The normalization constant AGA in Eq. (11) plays a
key role in the evaluation of Eq. (17). Hence, we start by
deriving its analytic expression. Imposing the condition
〈ΦGA|ΦGA〉 = 1 on Eq. (11) yields
A−2GA =
[N/2]∑
ν=0
Qν , Qν ≡ 〈0|πˆ
ν(πˆ†)ν |0〉
(ν!)2
. (A1a)
The quantity 〈0|πˆν(πˆ†)ν |0〉 can be evaluated by using31
〈0|cˆk′
1
· · · cˆk′
2ν
cˆ†k2ν · · · cˆ
†
k1
|0〉 =
∑
Pˆ
2ν∏
j=1
δk′pjkj
, (A1b)
where Pˆ is a permutation j→pj with 2ν elements.31 Var-
ious terms in 〈0|πˆν(πˆ†)ν |0〉 can be classified diagrammat-
ically according to the number of connected subgroups,
as exemplified for ν = 4 in Fig. 6. Using the diagrams,
we obtain an analytic expression for Qν as
Qν =
∑
{ℓ1,ℓ2,··· ,ℓν}
δℓ1+2ℓ2+···+νℓν ,ν
(ν!)2
×
[
ν!
ℓ1!(1!)ℓ1ℓ2!(2!)ℓ2 · · · ℓν !(ν!)ℓν
]2
× ℓ1!ℓ2! · · · ℓν !
ν∏
λ=1
[〈0|πˆλ(πˆ†)λ|0〉c]ℓλ , (A1c)
where the summation is performed over all the distinct
sets of {ℓ1, ℓ2, · · · , ℓν}. Specifically, the factor in the large
(e) {0,0,0,1}(c) {1,0,1,0} (d) {0,2,0,0}(b) {2,1,0,0}(a) {4,0,0,0}
FIG. 6: Diagrammatic representations of Q4 with five distinct
sets of {ℓ1, ℓ2, ℓ3, ℓ4} in the summation of Eq. (A1c). An open
(filled) circle with two outgoing (incoming) arrows denotes πˆ†
(πˆ).
square brackets of Eq. (A1c) denotes the number of com-
binations for distributing ν persons (i.e., πˆ or πˆ†) into
(ℓ1, ℓ2, · · · , ℓν) rooms, where ℓλ (λ = 1, 2, · · · , ν) is the
number of rooms with λ beds. Factor ℓλ! after the square
brackets is the number of combinations in forming ℓλ
pairs of
[(
πˆ†
)λ
, πˆλ
]
to construct a connected expectation
〈0|πˆλ(πˆ†)λ|0〉c for each pair. Substituting Eq. (A1c) into
Eq. (A1a), we obtain
A−2GA =
[N/2]∑
ν=0
∑
{ℓ1,ℓ2,··· ,ℓν}
δℓ1+2ℓ2+···+νℓν ,ν
×
ν∏
λ=1
1
ℓλ!
[〈0|πˆλ(πˆ†)λ|0〉c
(λ!)2
]ℓλ
≈ exp
(
∞∑
λ=1
I2λ
)
, I2λ ≡ 〈0|πˆ
λ(πˆ†)λ|0〉c
(λ!)2
,
(A1d)
where we have replaced the upper limit [N/2] by ∞ to
derive the second expression based on the observation
that Qν for ν∼N/2 can be set equal to zero in the weak-
coupling region; see Fig. 5 regarding this point. The
connected expectations (I2, I4, I6, · · · ) have the common
diagrammatic structure shown in Fig. 6(e) for λ = 4 and
are expressible generally as
I2λ =
22λ−1λ!(λ − 1)!
22λ(λ!)2
∑
k
′|φk|2λ = 1
2λ
∑
k
′|φk|2λ. (A2)
Here the factor 22λ−1λ!(λ− 1)! originates from the num-
ber of combinations in connecting the 2λ pairs of field
operators. Substituting Eq. (A2) into Eq. (A1d) yields
A−2GA = exp
[
−1
2
∑
k
′
ln(1 − |φk|2)
]
= exp
(∑
k
′
ln uk
)
, (A3)
where we used Eq. (14).
This quantity A−2GA enables us to calculate various ex-
pectations with Eq. (11). First, 〈ΦGA|cˆ†kcˆk|ΦGA〉 for
k 6= 0 can be transformed as
〈ΦGA|cˆ†kcˆk|ΦGA〉 =A2GA
[N/2]∑
ν=0
〈0|πˆν cˆ†k
[
cˆk, (πˆ
†)ν
]|0〉
(ν!)2
=A2GA
[N/2]∑
ν=0
〈0|πˆν cˆ†kcˆ†−k(πˆ†)ν−1|0〉
(ν!)2
νφk
=A2GA
[N/2]∑
ν=0
δQν
δφk
φk = φk
δ lnA−2GA
δφk
≈φk φ
∗
k
1− |φk|2 = |vk|
2. (A4)
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Here we used cˆk|0〉 = 0 and Eq. (10) for the first two
equality signs, then expressed 〈0|πˆν cˆ†kcˆ†−k(πˆ†)ν−1|0〉ν in
terms of a functional derivative of Qν in Eq. (A1a) not-
ing Eq. (9a) and that φ−k = φk, and finally used Eqs.
(A3) and (14) for the last two equality signs. Note
that Eq. (A4) can be derived more easily by express-
ing cˆ†kcˆk =
ˆ˜c†k
ˆ˜ck, performing the transformation of Eq.
(16), and using Eqs. (12) and (15). Second, the number
of condensed particles can be estimated as
N0 ≡〈ΦGA|cˆ†0cˆ0|ΦGA〉 = A2GA
[N/2]∑
ν=0
(N − 2ν)Qν
=N − 2A2GA
[N/2]∑
ν=0
∑
k
′ 1
2
φk
δQν
δφk
=N −
∑
k
′
φk
δ lnA−2GA
δφk
=N −
∑
k
′|vk|2. (A5)
The second term in the final expression denotes the num-
ber of depleted particles, which can also be obtained from
Eq. (A4) by summing it over k. Third, the expectation
of cˆ†0cˆ
†
0cˆ0cˆ0 ≈ (cˆ†0cˆ0)2 is calculated as
〈ΦGA|cˆ†0cˆ†0cˆ0cˆ0|ΦGA〉 ≈ A2GA
[N/2]∑
ν=0
(N − 2ν)2Qν
=N 2− 22N
∑
k
′ 1
2
φk
δ lnA−2GA
δφk
+ 22
(
1
2
∑
k
′
φk
δ
δφk
)2
lnA−2GA
=N 20 +
∑
k
′ |φk|2
(1− |φk|2)2 ≈ N
2
0 , (A6)
where “≈” implies neglecting terms of O(N ) compared
with those of O(N 2). Equations (A5) and (A6) justify
the procedure of replacing cˆ0 by
√N0 in the variational
calculation using the Girardeau-Arnowitt wave function.
Appendix B: Calculations of A−2
3
and E
The transformation of A−2GA in Eq. (A1) is also ap-
plicable to that of A−23 from 〈Φ|Φ〉 = 1. Specifically,
we only need to replace (|0〉, πˆ, [N/2]) in Eq. (A1) by
(|ΦGA〉, ˆ˜π3,∞). We thereby obtain
lnA−23 =
∞∑
λ=1
J3λ, J3λ ≡ 〈ΦGA|
ˆ˜πλ3 (ˆ˜π
†
3)
λ|ΦGA〉c
(λ!)2
.
(B1)
This quantity is analogous to Eq. (A1d) with the corre-
spondence (ˆ˜γk, |ΦGA〉, 3λ)↔ (cˆk, |0〉, 2λ). Hence, we can
also evaluate it analytically using Eq. (A1b), the results
of which can be classified diagrammatically as Fig. 7. In
particular, the lowest-order contribution is obtained as
J3 =
1
3!
∑
k1k2k3
′|wk1k2k3 |2. (B2)
It turns out that the terms of λ≥ 2 in Eq. (B1), which
have increasing numbers of summations over k 6= 0, are
negligible compared with Eq. (B2) in the weak-coupling
region.
Equation (B1) enables us to calculate various expec-
tations in terms of |Φ〉 in Eq. (19). Among them, the
expectations of ˆ˜c†k
ˆ˜ck and ˆ˜ck ˆ˜c−k for k 6=0 are transformed
by substituting Eq. (16), using Eq. (15) to arrange the
quasiparticle operators into the normal order, and noting
that 〈Φ|ˆ˜γk ˆ˜γ−k|Φ〉 = 0. We thereby obtain expressions for
ρk≡〈Φ|ˆ˜c†kˆ˜ck|Φ〉 and Fk≡〈Φ|ˆ˜ck ˆ˜c−k|Φ〉 as
ρk = |vk|2
(
1 + 〈Φ|ˆ˜γ†−k ˆ˜γ−k|Φ〉
)
+ u2k〈Φ|ˆ˜γ†k ˆ˜γk|Φ〉,
(B3a)
Fk = ukvk
(
1 + 〈Φ|ˆ˜γ†k ˆ˜γk|Φ〉+ 〈Φ|ˆ˜γ†−k ˆ˜γ−k|Φ〉
)
. (B3b)
The expectation 〈Φ|ˆ˜γ†k ˆ˜γk|Φ〉 in Eq. (B3) can be trans-
formed by using Eqs. (12), (15), (18), (19), (B1), and
(B2) as
〈Φ|ˆ˜γ†k ˆ˜γk|Φ〉
=A23〈ΦGA| exp
(
ˆ˜π3
)
ˆ˜γ†k
ˆ˜γk exp
(
ˆ˜π†3
)
|ΦGA〉
=A23〈ΦGA| exp
(
ˆ˜π3
)
ˆ˜γ†k
[
ˆ˜γk, exp
(
ˆ˜π†3
)]
|ΦGA〉
=A23〈ΦGA| exp
(
ˆ˜π3
)
ˆ˜γ†k
[
ˆ˜γk, ˆ˜π
†
3
]
exp
(
ˆ˜π†3
)
|ΦGA〉
=
∑
k2k3
′ 3wkk2k3
3!
A23〈Φ|ˆ˜γ†k ˆ˜γ†k2 ˆ˜γ
†
k3
|Φ〉
=
∑
k2k3
′wkk2k3
2
A23
δA−23
δwkk2k3
=
∑
k2k3
′wkk2k3
2
δ lnA−23
δwkk2k3
≈ 1
2
∑
k2k3
′|wkk2k3 |2. (B4)
(a) λ =1
3! 2!(3C2)
422 34 2!(3C2)
4222 23!(3C2)
623 2
3(3!)3 32(3!)5 33(3!)5
322 3 3 3 2 22 2 3!
(3!)6
(b) λ =2 (c) λ =3
FIG. 7: Diagrammatic representations of J3λ for λ = 1, 2, 3.
An open (filled) circle with three outgoing (incoming) arrows
denotes ˆ˜π†
3
(ˆ˜π3). The weight below each figure denotes the
number of combinations for realizing the connection.
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Substituting Eq. (B4) into Eq. (B3), we obtain Eqs. (23a)
and (23b).
We can also transformWk1k2;k3≡〈Φ|ˆ˜c†−k3 ˆ˜ck2 ˆ˜ck1 |Φ〉 for
k1,k2,k3 6=0 by substituting Eq. (16), using Eq. (15) to
arrange the quasiparticle operators into the normal order,
and noting that 〈Φ|ˆ˜γ†k1 ˆ˜γk2 ˆ˜γk3 |Φ〉 = 0 into
Wk1k2;k3 = uk1uk2v
∗
k3
〈Φ|ˆ˜γk3 ˆ˜γk2 ˆ˜γk1 |Φ〉
+ vk1vk2uk3〈Φ|ˆ˜γ†−k3 ˆ˜γ
†
−k2
ˆ˜γ†−k1 |Φ〉. (B5)
Now, the last three lines of Eq. (B4) indicate
〈Φ|ˆ˜γk3 ˆ˜γk2 ˆ˜γk1 |Φ〉 = wk1k2k3 . Substituting this into Eq.
(B5), we obtain Eq. (23c).
Finally, the expectation of the operator product in Eq.
(21c), which has the highest order among the terms on
the right-hand side of Eq. (2), can be evaluated most
easily by the Wick decomposition procedure8,31 for ˆ˜ck
within the order of the approximation we adopt. The
result is expressible in terms of Eqs. (23a) and (23b) as
〈Φ|ˆ˜c†k+q ˆ˜c†k′−q ˆ˜ck′ ˆ˜ck|Φ〉 = δq0ρkρk′ + δk′,k+qρk+qρk
+ δk′,−kF
∗
k+qFk. (B6)
Using Eqs. (22), (23), and (B6) in the evaluation of Eq.
(20) and collecting terms proportional to U0, we obtain
Eq. (25).
Appendix C: Calculation of A1(k) and A2(k)
Noting that ˆ˜ck = βˆ
†
0cˆk, we express the commutator in
Eqs. (33b) and (33c) as
[ˆ˜ck, Hˆ ] = βˆ
†
0[cˆk, Hˆ] + [βˆ
†
0, Hˆ]cˆk. (C1)
Subsequently, we substitute Eq. (2) into the right-hand
side. The commutator [βˆ†0, Hˆ] can be evaluated by using
[
βˆ†0, (cˆ
†
0)
mcˆn0
]|Φ〉 ≈ −m+ n
2
N (m+n)/2−10 (βˆ†0)m+1βˆn0 |Φ〉,
(C2)
which holds within the same order of approximation as
Eq. (22); this may be seen by replacing |Φ〉 above by
|N0〉0 of Eq. (4) and calculating the commutator explic-
itly to the leading order inN0. On the other hand, [cˆk, Hˆ]
in Eq. (C1) can be calculated straightforwardly. After
that, we can use the procedure for deriving Eq. (23) to
evaluate Eqs. (33b) and (33c).
We first focus on Eq. (33b) and express it as a sum of
the four contributions in Eq. (2) for convenience. The
results for A1,α(k) ≡ 〈Φ|
[
ˆ˜ck, Hˆα
]
ˆ˜c†k|Φ〉 (α = 0, 1, 32 , 2)
are summarized as follows:
A1,0(k) = −n¯0U0A0(k), (C3a)
A1,1(k)
=
[
εk + n¯0(U0 + Uk)− 1V
∑
k′
′
(U0 + Uk′)ρk′
]
× A0(k) + n¯0UkFk − 1V
∑
k′
′
Uk′Fk′A0(k), (C3b)
A1, 3
2
(k)
=
√N0
V
∑
k2k3
′
δk+k2+k3,0wkk2k3ukuk2uk3
× [Uk2(φk + φk2φk3) + (Uk + Uk2)(φk3 + φkφk2)]
− A0(k)V√N0
∑
k1k2k3
′
δk1+k2+k3,0Uk1Wk1k2;−k3 , (C3c)
A1,2(k)
=
A0(k)
V
∑
k′
′
(U0 + U|k−k′|)ρk′ +
Fk
V
∑
k′
′
U|k−k′|Fk′ .
(C3d)
Substituting Eqs. (33a) and (C3) into Eq. (34a), we ob-
tain Eq. (35a) given in terms of Eqs. (30a) and (30b).
Calculations of A2,αα′(k) ≡ 〈Φ|
[
ˆ˜ck, Hˆα
][
Hˆα′ , ˆ˜c
†
k]|Φ〉
(α, α′ = 0, 1, 32 , 2) can be performed similarly but rather
tediously. Let us write it as
A2,αα′(k) =
A1,α(k)A1,α′ (k)
A0(k)
+B2,αα′(k). (C4)
It then follows that the B2,αα′(k) that contribute to Eq.
(34b) are finite only for the combinations of (α, α′) =
(1, 1), (1, 32 ), (
3
2 ,
3
2 ) up to the leading order in the weak-
coupling region with B2,1 3
2
(k) = B2, 3
2
1(k). Moreover, it
is the third term in Eq. (3b) that makes B2,11(k) and
B2,1 3
2
(k) finite. Specifically, we obtain
B2,11(k) = (n¯0Uk)
2
[
ρk − F
2
k
A0(k)
]
, (C5a)
B2,1 3
2
(k)
= n¯0Uk
√N0
V
∑
k2k3
′
δk2+k3+k,0wkk2k3ukuk2uk3
×
{
Uk2
[
1 + φkφk2φk3 −
Fk
A0(k)
(φk + φk2φk3)
]
+ (Uk + Uk2)
[
φk2+φkφk3 −
Fk
A0(k)
(φkφk2+φk3)
]}
,
(C5b)
B2, 3
2
3
2
(k)
=
N0
V2
∑
k2k3
′
δk+k2+k3,0
[
Uk2(Uk2 + Uk3)u
2
k2
u2k3
+ 2(Uk + Uk2)(Uk2 + Uk3)Fk2u
2
k3
+ (Uk + Uk2)
2v2k2u
2
k3
+ (Uk + Uk2)(Uk + Uk3)Fk2Fk3
]
. (C5c)
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Substituting Eqs. (C4) and (C5) into Eq. (34b) and using
Eqs. (23) and (33a), we obtain Eq. (35b) up to the leading
order.
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